A pairwise balanced design, B (K; v), is a block design on v points, with block sizes taken from K, and with every pair of points occurring in a unique block; for a fixed K, B(K) is the set of all v for which a B(K; v) exists.
Introduction 2 Notation
The notation we use is fairly straightforward. A K-GDD is a group divisible design with block sizes taken from K, and with a group size vector of {G 1 , G 2 , . . . , G n }; we will usually write the group size vector in exponential notation. We will only be concerned with the λ = 1 case; i.e., a pair of elements from different groups occurs in one block of the design, whilst a pair of elements from the same group appears in no block.
A pairwise balanced block design is a GDD with a group size vector of 1 v ; it is denoted by B (K; v) . If the block size is uniform, with K = {k} then this block design is referred to as a balanced incomplete block design (a BIBD), and denoted by B(k; v) .
If a B(k; v) exists, then the quantity r = (v − 1)/(k − 1) is called the replication number of the BIBD, and we say that r ∈ RN(k).
A transversal design, T D(k; t), is a {k}-GDD of group type t k . The set of all v for which a B(K; v) exists is denoted by B(K), and a similar definition is used for T D(k).
The notation B(K ∪ {k * }; v) indicates there is exactly one block of size k in the design in addition to those of sizes from K (further blocks of size k can occur only if k ∈ K).
Resolvable designs are designs that admit a partition of the block set into subsets of blocks that contain every point exactly once. These designs are denoted by the prefix R.
If a RB(k; v) exists, then we say that r ∈ RRN(k), where RRN(k) ⊂ RN(k).
Some notation that is specific to a section will be introduced in that section.
One final notational convention we have adopted should be mentioned. We have labelled several lemmas by a one or two letter code. This is summarized in the key in the appendix, which gives the symbolic parameters used in the lemma where the code is introduced, but numeric values are substituted in the table of constructions. This device allows considerable compression of the table, yet retains all the information needed to verify the constructions.
Direct Constructions
We start this section by summarizing some well-known results in the first lemma. Proof : All these are standard results. The first two amount to the existence of the affine and projective geometries, AG (2, q) and P G (2, q) . The resolvability of the unital design was shown by Bose (see [15, 26] ), and the resolvability of the last design can be found in Lorimer [33] . Proof : The first part of this result was shown by Denniston [19] . Denniston considers an irreducible second order curve, Q(x, y) = ax 2 + bxy + cy 2 over GF (2 N ) in the nonhomogeneous coordinates (x, y) of the plane. Let G be any additive sub-group of order 2 n of the additive group GF (2 N ). Then the set of points satisfying Q(x, y) ⊂ G forms a Denniston arc, {v(n); {0, 2 n }}, in P G(2, 2 N ) with v(n) = 2 N +n − 2 N + 2 n ; note if we consider a sub-group H of order 2 m and take H ⊂ G, this yields a {v(m); {0, 2 m }}-arc whose points are a subset of the v(n) points, so that Denniston arcs can be taken to be nested.
Lemma 3.2 Embedded in P G(2,
2
Corollary 3.3 If k is a power of 2, and n is a non-negative integer, then k(k−1)2 n +k ∈ RB(k).
Proof : The resolvability was demonstrated by Seiden in the case n = 1, (see [39] ), and her proof carries over to Denniston's arcs. The device used is to consider a line that has zero incidence with the arc; the incidence of its points with the non-zero lines of the arc identifies the resolution classes.
Proof : Again we use the 264 point difference of two Denniston arcs that we used in Corollary 3.4.7, and now we add an incomplete external line.
If we have a projective plane, P G(2, q), then we may generate a T D(q+1; q) from it by deleting a point, and using the lines through that point to generate groups. Since all the Desarguesian planes have ovals, we may consider how these oval points are distributed amongst the groups. Recall that if q is odd, then there are q + 1 points in the oval; (if D is the Singer difference set, then −D is such an oval). If q is even, with D = 2D, then we may augment this set, −D, of q + 1 points by the point {0} to get a set of q + 2 hyperoval points, which we will also term an oval. Proof : To demonstrate this in the odd case, we either delete an oval point, or a non-oval tangent point, or a non-tangent point, and note the number of external lines, tangents and secants that the deleted point lay on. For the plane of even order, we delete an oval point, or a non-oval point; there are no tangents here.
Lemma 3.7 {81, 585} ⊂ RB (9) , and {73, 433, 577} ⊂ B (9) .
Proof : The first three values follow from Lemma 3.1 using q = 8 or q = 9. The values 433 and 577 result from constructions by Abel [1] and Buratti [17] .
Lemma 3.8
If t ∈ {1, 6, 7} or t is a power of 2, then 56t + 8 ∈ RB (8) .
Proof : This follows from Lemma 3.1 using q = 8 or q = 7, or from Corollary 3.3 using k = 8.
Lemma 3.9
If q is a prime or prime power, and q ≡ 1 mod 8, and q ∈ {25, 89} and q < 4096, then 7q + 1 ∈ RB (8) .
Proof : The results for q ∈ {9, 17} are given above. The remaining constructions were given by Greig [20] . It can be shown that the restriction q < 4096 is unneccessary, although we do not need that improvement here. Proof : This is a standard result; we add w infinite points, and when we fill the first g − 1 groups, we align the w block with the infinite points, and refrain from using it for these groups. Note that the resulting design does not contain a w block, unless, possibly, when w ∈ K. Proof : See [41] . Also note that the blocks in the final design have cardinalities in K , rather than K.
Theorem 4.5 If r ∈ RN(k), then a design with block size of k and a group vector of
Proof : Deleting a point, and using its blocks as groups in a B(k; (k − 1)r + 1), gives the GDD; note that this construction can be reversed; (see [25] ).
Specific Constructions
In this section, we start applying the results of the previous section to produce the tools for the second of the problems, that of constructing designs whose block sizes are in Q 1(8) , where Q 1(8) is the set of prime-powers congruent to 1 modulo 8. It will be convenient to define U 1 (8) 
Proof : Give each point a weight of 8, and apply Wilson's fundamental construction. The needed components come from Theorem 4.5 for RN (9) , and Lemma 3.9 via Lemma 5.2 for the other block sizes. We fill in the groups with a point at infinity to obtain the required result.
Corollary 5.4 If there exists a {9, 10}-GDD on v points, with group sizes chosen from
M, and M ⊂ U 1(8) , then v ∈ U 1(8) .
Lemma 5.5 (Code T) If m ∈ T D(10)
and 0 ≤ n ≤ m and {m, n} ⊂ U 1 (8) , then 9m + n ∈ U 1 (8) .
Proof : Truncate one group of the transversal to size n, then use Corollary 5.4.
Concentrating on the points in the last block yields the "last spike" and "block deletion" constructions given below.
Lemma 5.6 (Code Ls)
If m ∈ T D(n) and m ∈ U 1 (8) , and n ≥ 9 and n ∈ Q 1(8) \ {25, 89}, then 9(m − 1) + n ∈ U 1 (8) .
Proof : Remove m−1 points from n−9 groups of the transversal, retaining all the points of the last block, to give a {9, 10, n * }-GDD of type m 9 1 n−9 . Now use Theorem 5.3.
, and n ≥ 9 and n ∈ U 1(8) , then 9(m − 1) + n ∈ U 1 (8) .
Proof : As in Lemma 5.7, we construct a {9, 10, n * }-GDD of type m 9 1 n−9 . Now fill in the groups and delete the big block to give a {9, 10, m}-GDD of type 1 9m−9 n 1 , and use Theorem 5.3. Proof : Take the transversal, and fill in groups with 1 or 0 points at infinity and then delete a finite point and use its blocks as groups to give the result. Mullin et al. [38, Lemma 6.12] , used a construction similar to Lemma 5.14. We could also adapt their Lemma 6.20, but this yields nothing new here, as we have a rich set of constructions in the next six lemmas, covering essentially the same ranges. Five of these constructions of these lemmas were used previously by Greig and Abel [22] 1(8) , then 17m + n ∈ U 1 (8) .
Proof : Using Lemma 3.6, we may construct a T D(17; m) with at least t groups containing a pair of oval points; give these t pairs of points a weight of 16 (8m) 15 (8m + 8s) 1 (8m + 8t) 1 . We fill these groups in with the aid of a point at infinity.
Lemma 5.18 (Code D)
Proof : Give s points from one group a weight of 8, give t points from the same group a weight of 16, give the points of another group a weight of 16, and give the points of all the other 15 groups a weight of 8. (8m) 15 (16m) 1 (8s + 16t) 1 . We fill these groups in with the aid of a point at infinity. Proof : Give the points from the last block a weight of 16, give s − 1 other points from the first group a weight of 16, give t − 1 other points from the second group a weight of 16, and give all the other points a weight of 8. There are 15(s − 1) lines containing a pair of points with weight 16, one from group 1 and the other from groups 3 through 17; when assigning the extra t − 1 weight 16 points in the second group, we must avoid these lines; this is possible by hypothesis. 17 , and are obtained from Lemma 5.13, or from Lemma 3.8 with q = 16, so we may apply Wilson's fundamental construction to give a design with a group vector of (8m + 8) 15 (8m + 8s) 1 (8m + 8t) 1 . We fill these groups in with the aid of a point at infinity.
Remark 5.20
In all instances, we will take s = 1.
Proof : Give the points from the last block a weight of 0, except for the first group, where all points get a weight of 16; also give m − n − 1 other points from the last group a weight of 0; and give all the other points a weight of 8. 
We fill these groups in with the aid of a point at infinity.
Remark 5.22
In all instances of the preceeding six lemmas, rather than filling the groups with the aid of a single infinite point, we could use w > 1 infinite points, as allowed by Theorem 4.2; we shall have occassion to do this.
The Singular Indirect Product construction was introduced in [36] . The following is a particular instance.
Lemma 5.23 (Code Ir)
If 56m + 8 ∈ RB (8) , and t ≤ 8m + 1, and m + t = n ∈ U 1 (8) , and the incomplete transversal T D(9; 56m + 8 + t) − T D(9; t) exists, then 63m + 9 + n ∈ U 1 (8) .
Proof : Since 56m + 8 ∈ RB(8), we may adjoin 8m + 1 points to the resolution sets to produce a B({9, 8m + 1 * }), We use this design to fill in the groups of the incomplete transversal design with aid of 8m + 1 − t points at infinity, with the points of the design labelled so that the single filling block of size 8m + 1, (which is omitted), coincides with the missing subgroup and the infinite points. Filling in the infinite points and the missing subgroups with a single block of size 8(m + t) + 1 = 8n + 1 completes the construction. Table A .1, we will obtain the ITDs we need from Lemma 3.19, using m = 37, or m = 107.
Remark 5.24 For application in Appendix

The Spectrum
The objective of this section is to establish Theorem 6.1. Table 6 .1, then m ∈ U 1 (8) , and 8m + 1 ∈ B(Q 1(8) ). We next summarize some of the smaller designs constructions. Remark 6.4 Using the overlapping ranges, or applying construction C of Lemma 5.17 with the same value of m to the exceptions in Table 6 .3, we are able to remove all of them except 322, 607 and 1211. Table 6 .4 presents some cases of construction C. Again, apart from the noted failures, the inclusive range 17m through 19m has a valid construction available. Proof : This follows by the application of constructions A and C as detailed in Tables 6.3 and 6.4, noting Remark 6.4.
Theorem 6.1 If m is not one of the values listed in
Most of the exception set E of Lemma 6.5 can be dealt with by applying our constructions exactly as given. However, for some constructions we will use Theorem 4.2 with more than one infinite point. We use these subdesigns in the constructions given in Table 6 .5. To deal with the values exceeding 3439, we need three preliminary lemmas.
Lemma 6.8 Any sequence of 10 consecutive integers contains at least one value from T D(10).
Proof : Consider only the 5 odd numbers of the sequence, and note that at most two are divisible by 3, and at most one by 5 or 7. Hence there is (at least) one value with no factors less than 11; the result then follows by Theorem 3.14.
Lemma 6.9 Let E = {367, 373, 391, 463, 607, 643, 823, 1039}. If m ∈ U 1 (8) , and 288 ≤ m ≤ 3439 and m ∈ E , then m is divisible by 2 or 7.
Proof : This is simply a matter of checking Table 6 .6, and v ≡ 1 mod 8, then v ∈ B(Q 1(8) ).
Theorem 6.12 If v is not in
Proof : This is really a restatement of Theorem 6.1. 
The Basis for 1 mod 8
Since we already have the machinery and most of the results already in place, we will take the opportunity to treat the PBD basis for the 1 mod 8 case. Let N 1(m) = {v : v ≡ 1 mod m}; we wish to find a set H 1(m) containing as few elements as possible, such that N 1(m) = B (H 1(m) ). This problem was considered by Wilson for 2 ≤ m ≤ 4, and subsequently by Mullin for 5 ≤ m ≤ 7, and by Greig [41, 35, 21] .
Lemma 7.1 Let a be a positive integer, and suppose that there exists a positive integer u such that u ≡ 1 mod a, and that there exists both a T D(a+1; u−1) and a T D(a+1; u).
If there exists a T D(u
Proof : See [35, Lemma 2.2]; we truncate one group of the T D(u + 1; m), and apply Wilson's FC, with group types found from the first two TDs, and then fill with an infinite point.
Let P k = {q : q ≤ k, q prime}; we define U(P k ) to be the smallest integer δ such that, for any positive n, we can always find some s satisfying n ≤ s < n + δ with the property that s is relatively prime to every element of P k . The main consequence of this, via MacNeish [34] , is the following lemma. Proof : See [35, Theorem 2.3]; we give a slightly improved version, with the improvement resulting from the observation that consecutive intervals need only abut each other, not overlap; the hypothesized bound on w is decreased by unity. (8, 6401) is a basis for N 1(8) .
Lemma 7.2 Let k be a positive integer. Then given any positive integer n, there exists an integer s such that n ≤ s < n + U(P k ) and there exists a T D(k + 2; s).
Proof : See [35, Lemma 2.1]. Let V (a, b) = {v : a + 1 ≤ v ≤ b, v ≡ 1 mod a}.
Lemma 7.3 Let a be a positive integer, and let u be an integer such that u ≡ 1 mod a and there exists a T D(a + 1; u − 1) and a T D(a + 1; u). Let δ = U(P k ) and let w be an integer such that there exists a T D(u
Corollary 7.4 V
Proof : Take a = 8, u = 9, 10 = δ = U(P 9 ) = U(P 7 ), and w = 89. It follows from Lemma 6.8 that we can take δ = 10.
Actually, since the prime powers below 89 are within 6 of each other, there is more overlap of consecutive intervals than is provided for in Lemma 7.3, with its allowed gap of 10, so the result of Corollary 7.4 can be improved on considerably. Proof : In Lemma 7.1, take a = 8, u = 9, and let m range through the prime powers from 9 through 83.
Lemma 7.6 If m ∈ N 332
321 , then 8m + 1 is inessential in H 1 (8) . Proof : In Lemma 5.14, take m = 17 or m = 19.
Lemma 7.7
If E = {9, 17, 41, 49, 97, 113, 193} ∪ {33, 57, 65}, then 8q + 1, with q ∈ E, is inessential in H 1 (8) .
Proof : This lemma is essentially a corollary of Lemma 5.2, and Lemma 3.8.
Lemma 7.8 We have 125 ∈ B({5 * , 9, 11, 13}), and also the incomplete transversal design T D(9; 125) − T D(9; 5) exists.
Proof : The PBD was constructed in [21] from an RT D(10; 13) in P G (2, 13) and parallels the construction of the 158 point PBD in Lemma 8.2. The ITD result follows from this PBD. Table 7 .3, then v is inessential in H 1 (8) .
Proof : This is just another version of Theorem 7.9. The first 14 values are essential. 
Prime Powers Exceeding Seven
The main aim of this section is to improve the spectrum of B(Q ≥8 ), where Q ≥8 is the set of all prime powers exceeding 7. This problem was introduced by Bennett [9] and further discussed in [13] . Direct constructions for the values 123, 156, 158, 254, 316, and 1262 are given in [21] , and for 291 and 295 were given in Corollary 3.5. The 123 point design takes the 120 point Denniston arc used in Corollary 3.4.1 and adds three extra points on an 8-line. The 158 point design uses the q − x construction from [21] (with q = 16 and x = 6): start with P G (2, q) , and remove a point and x + 1 lines through it to produce a RT D(q − x; q) and then take a (q − x)-line (in the plane) and flip the status of its q + 1 points, now deleting q − x and restoring x + 1, and finally add a non-planar point to the (x + 1)-line and the q − x (q − 1)-groups. The remaining constructions are based on Brouwer [16] , who considers the cyclic difference set for P G (2, q) , and looks at the points belonging to a residue set modulo w, for w a divisor of q 2 + q + 1. Here however, we take more than one residue set; we take twelve modulo 21 sets in P G (2, 16) , two modulo 3 sets in P G (2, 19) , four modulo 7 sets in P G (2, 23) , or two modulo 3 sets in P G(2, 43) to get our designs; if w = 3, it doesn't matter which sets we pick; in the other two cases we used the eleven used sets plus 0, and the four least used sets, considering the use in the difference set given by Baumert [8] . Proof : See [21] or Corollary 3.4, or apply the q − x construction with q = 32 and x = 14 or 6.
We high-light two particularly useful values: Lemma 8.2 156 ∈ B({8, 9, 11, 17}) and 158 ∈ B({8 * , 9, 11, 16}).
Corollary 8.3 158 ∈ T D(9).
Lemma 8.4 1. If T D(k; m) exists, then km ∈ B({k, m})
, and all block sizes occur. Using the notation T D * (k; m) to denote a T D(k; m) with at least one parallel class of k-lines, we have the following lemma which was exploited by Bennett and Zhu [13] . Proof : Filling in the groups of the third TD, and removing a parallel class produces a {k, q}-GDD of type k q . Now a similar construction with the second TD shows we have a {p, q}-GDD of type p q . Applying Wilson's FC with weight of p for all points in our first constructed design, using the second constructed design to give the ingredients for the blocks of size q, and using the first hypothesized design to give the ingredients for the blocks of size k, shows the required result. 
If T D(k
Lemma 8.6 If a T D(k; p) exists, and a T D
Proof : If w ≤ n, we can truncate one group of a T D(9; n) to size w whenever n is a prime power, and if n = 15, we can add w points to a RB(8; 120). If w ≤ n + 2 and n +1 is a prime power, we can apply Lemma 8.5 to a T D(w; n + 1). Finally, for n = 14, the RB(8; 120) is embedded as a {120; {0, 8}}-arc in P G(2, 16); we can extend an 8-secant to size w. 1 ; now add w infinite points, and fill the groups using Lemma 8.9 for all but the last group (on 144 + w points) which we fill with a B(Q ≥8 ; u) design from Lemma 8.2. For m > 145, set w = u − 152 and truncate one group of a T D (9; 152) ; now add w infinite points, and fill the groups using Lemma 8.9 for all but the last group (on 152 + w points) which we fill with a B(Q ≥8 ; u) design from Lemma 8.2.
Lemma 8.11 If T D(k; v − u) exists, and v ∈ B(Q
Proof : See Bennett [9, Lemma 2.12].
Theorem 8.12 Let
and suppose:
Further suppose either (A):
or else (B):
Proof : This is a variation of the usual singular indirect product construction. We add x infinite points to the design, then truncate one of the groups of the ITD, leaving u − x points with y of them in the missing part. The initial conditions on x and y ensure that we actually remove a non-negative number from both the missing and non-missing parts of the groups of the ITD, and also leave a non-negative number of points in each part of the group. We then use D 3 to fill the k untruncated groups, omitting the flat which we align with the infinite points and the hole. We turn now to the construction of some miscellaneous values. In addition to the values mentioned in the beginning of this section, we also have:
Theorem 8.20 1102 ∈ B(Q ≥8 ).
Proof : Apply Lemma 8.6 with k = 9, p = q = 11 to give a {9, 11}-GDD of type 99
11 , and fill with 13 infinite points using a B({8, 9, 13}; 112 = 99 + 13) provided by 112 = 8 * 13 + 8.
Remark 8.21
A construction similar to this one was used by Bennett and Zhu to remove this and two other values in [13] . In the introduction to this section, we mentioned the construction of adding t − 8 extra points from an 8-line through a 120 point Denniston arc in P G (2, 16) ; if we use the lines through a further point on this line to generate the groups, we have a {8, 9}-GDD of type 8
14 t 1 for 8 ≤ t ≤ 16 (and in particular t = 15); taking this in conjunction with the method used in the proof of [9, Lemma 3.9] and with 254 ∈ B(Q ≥8 ) accounts for the other constructions in [13] . Actually, This particular GDD, in conjunction with Bennett [9, Lemma 3.8], enables us to extend Lemma 8.16 to allow six further groups receiving weights of some mix of 0 and 8, if we wish, Provided, of course we were weighting a T D (20; m) ). 
Remark 8.25
We have now substantiated the majority of the improvements made in [12, Table 3 .18] over the results in [9] . We have no construction for 1578 or 1626, the two values noted in Remark 8.23; it would appear that these were erroneously omitted from [12, 
Update
In this final section, we wish to provide some updates and corrections to the three tables of generating/exception sets given in [12, Tables III.3 .17-19].
Table III.3.17
Most of the changes here involve designs with 4 ∈ K, and result from improvements to [37] during its later drafts. That paper has a couple of weak entries in the summary There were three changes involving designs with 5 ∈ K resulting from improvements to [11] during its final draft. The remaining improvements to [12, The two other designs are 7-GDDs of types 7 25 and 7 37 constructed by Janko and Tonchev [27] and by Abel [2] , and modifying these designs give the remaining new PBDs. 
K
Table III.3.19
There is one error: clearly 15 is an essential element of H 0,1 (5) . In [6] , for H 1(5) , it is shown that the following are inessential: 
Updated References
Finally we note that the references in [37, 11] are more accurate than those in [12, Table III.3.19] , and give the following updates to the reference section of [12] .
A Appendix
The object of this appendix is to provide the constructions for the first 288 values of B(Q 1 (8) ) plus portions of the range for the first 1648 values, as annonunced in Section 6.
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